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ABSTRACT
In this article, Author designed to reveal some developments in complete metric space with
application of fixed-point theory with conceptions of number of great and renowned
mathematicians. Applying square inequality and satisfies many results in complete metric
space.
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1. INTRODUCTION

The number of complications in pure, applied and industrial mathematics have an ideal
explanation by fixed point theory. Consequently, numerous of strategy in functional analysis,
numerical analysis, topology, number theory and approximation theory for achieving
successive approximations to the fixed point of an approximate map.
The familiar Banach Contraction Principal Ankushrao and Sayyed [1] was nearly new by Jain
and Sayyed [6], Dolhare et.al [3], Ankushrao and Sayyed [2], Jachymaki [5], Gornicki [4], Liu,
et.al. [8], Jungck, [7], Sayyed Et. al. [11], Sayyed and Badshah [12], Mane and Sayyed [9],
Murthy, P.P., Vara Prasad, K.N.V.V and Rashmi [10], Sayyed [12], Vyas and Sayyed [14],
Yang [15] , Suhas and Dolhare[13] and many others.
2.PRELIMINARY
Main result: If X is a complete metric space and R is a continuous self map on X and satisfies
the following condition.
[d (Rx, Ry)]? < a1 [d (Rx, x) d(Ry, y)+d(Ry,x)d(Rx,y)]+az [d(Rx,X)d(Ry,x)+d(Rx,Ry)d(Rx,y)]
+ az[d(X,y)d(Rx,x)+d(Ry,x)d(RxX,y)]

forall x,y € X, x # y and az, a2, as € [0,1] and a; + 2a>+ a3 < 1, then R has a unique fixed point.
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Proof: Let Xo be an arbitrary point X, and we define a sequence {xn} by means of iterates of R.
By setting, R"Xo =xn, Where n is a positive integer. If Xn = Xn+1, for some n, then we have Rxn=
Xn, then xn is a fixed point of R taking Xn# xn+1 for all n.

Now, [d(Xn+1, Xn)]? =[d(RXn, RXn-1)]?

< a1 [d (RXn, Xn)d(RXn,XN-1)+d(RXn-1 ,Xn)d(RXn-1,Xn)d(RXn, Xn-1)] + a2 [d(RXn,Xn) d(RXn-1,Xn) +
d(RXn,RXn-1)d(RXn, Xn-1)] + @3 [d(Xn, Xn-1) d(RXn, Xn) +d(RXn-1, Xn)d(RXn, Xn-1)].

A1+ag 44
ie.d (Xn+1, Xn) < 1:_—2;;3 d (Xn, Xn-l)
Applying the same process, we get
a
.d (Xn+1, Xn) < @ d (XO, Xl)
—a,

for m>n we have

d (Xn, Xm) S d(Xn, Xn+1) + d(Xn+1,Xn+2)+ .................... +d(Xm-1, Xm)

< (K" +K" L +K™) d (X0, RXo) where k= —aliaz g

—a,
Therefore d (Xn, Xm) < % d(Xo, RXo) — 0 as m, n — . So {xn} IS a cauchy sequence in X, so

by completeness there is a point |1 € X such that x,— 11,as n — oo. The continuous of R implies

R(l1) = R(lim Xn) = lim Rxn= lim Xn+1 = |1, Therefore |1 is a fixed point of R.
n—->0o n—-oo n—->oo

Uniqueness: If any other 11 # 1z in X, such that R(I2) = Iz, then [d (I3, 12)]? = [d (Rl1, RI2)]?
<ai[d (Rl I1) d (R, I2) +d (RI2, I1) d(Rl1, 12)] +a2 [d(Rl1, 11) d(RI2, 12)+ d(RI1,RI2) d(Rly,l2)] +
az[d(ly, I2) d(RIy, 1) + d(Rl2,l1) d(Rly, 12)]

i.e. d (Iy, I2) < (artaz+asz) d(ly, I2)

which is the contradiction. Hence 1 is a unique fixed point. Now we are proving on interesting
result in which R is not necessarily continuous in X, but RP is continuous for some positive
integer p, RPis continuous then R has a unique fixed point.

Theorem 2: Let R be a self map defined on a complete metric space (X, d) such that (1:1) holds.
If for some positive integer P, RP is continuous, then R has a unique fixed point.

PROOF: We define a sequence {xn} as in theorem 1, clearly it converges to same point I1 in X.
Therefore, there is a subsequence {Xnk} of {Xn}, (Nk=Kkp) also converges to l;. Also

RPl; = RP ( lim )
= ’lclm (Rp Xnk)

= lim (Xnk+1)
k—oo
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=l
Therefore 11 is a fixed point of RP. Now, we show that Rl1=I.
Let m be the smallest positive integer such that R™l; = Iy, But R4 11 # 11. For g =1,2,3,....., m-1,
if m>1
[d(RI4, 11)]?= [d(Rl1, R™)]?
=[d(Rl1, RR™ ))]?
<a1[d(Rly, I1) d(R™l1, R™y) + d(R™Iy, I1) d(RI1,R™1)] + a2 [d(RIg,l1) d(R™I1,11) + d(Rl1, R™1)
d (RI,R™ 11)] + az [d(l, R™1)d(RIy, 11) + d(R™Iy, I1) d(Rl1, R™y)

<ard(Rly,l1) d(Is, R™y) + a2 d(Rly, 1) d(RI1, R™My) + azd(l, R™ 1) d(Rly,l1)

i.e. d(RIyl) < 27222 d(ly, R™y)
or

d(RIg,l1) <k™d (I, R™y) , thus we can write
d(Rlg,l1) <k™d (lg, Rl1), since k™ < 1, therefore

d(Rlg,l1) <d(RIy,l1) , which is a contradiction. Hence |1 is a fixed point of R.
The uniqueness of |1 follows as in theorem 1.
Theorem 3. Let R be a continuous self map of X. where X is complete metric space such that

for some h > 0 then,

[dR"%,R"Y)I? < a1 [d(R"xx)d(R"Y,y) + d(R"Y,x)d(R"x,Y)]
+ a2 [d(R"™,x) d(R"y,x)+d(R"x,R"y)d(R"x,y)]
*az[d (x, y) d(R"x,x)+ d(R"y,x)d(R"x,y)]
for all x,y € X and a1, az and a3 > 0 with a1 + 2a + a3< 1, If R" is continuous , then R has a
unique fixed point.
Proof. According to theorem 2 we assume that R" has a unique fixed point, also
Rl = R(R"1) = R"(RIy).
which implies Rl = I1. Since fixed point of R is a fixed point of R" and R" has a unique fixed

point 1 . It follows that I1 is the unique fixed point of R.
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Conclusion

This study establishes a certain denouement in a complete metric space through the application
of fixed-point theory. By formulating appropriate contractive-type conditions, the existence
and uniqueness of a fixed point are guaranteed under completeness assumptions. The results
demonstrate that completeness of the metric space plays a crucial role in ensuring convergence
of iterative sequences generated by the given mappings. Furthermore, the proposed framework
unifies and extends several classical fixed-point results as special cases. These findings not
only strengthen the theoretical foundations of fixed-point theory but also enhance its
applicability to nonlinear analysis, differential equations, and optimization problems where

solution certainty and convergence assurance are essential.
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