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Abstract

Partial Differential Equations (PDEs) have become a cornerstone of modern image processing,
providing a powerful mathematical framework to analyze, enhance, and restore digital images.
By modeling an image as a continuous function, PDE-based methods effectively capture
structural features such as edges and textures while minimizing the impact of noise and
distortions. In edge detection, PDEs surpass traditional gradient-based operators by
incorporating geometric and contextual information, which improves the accuracy of boundary
identification in noisy or complex images. Likewise, PDE-based diffusion models, inspired by
physical processes such as heat conduction, have been widely used for image restoration tasks
including denoising, deblurring, and inpainting. Advanced nonlinear PDEs further refine these
processes by adapting to local image characteristics, preserving sharp details while suppressing
unwanted artifacts. This dual capability—detecting meaningful structures and restoring
degraded information—highlights the versatility of PDEs in both theoretical and applied
contexts. From medical imaging to computer vision and remote sensing, PDE-driven
techniques continue to play a pivotal role in ensuring image clarity, reliability, and
interpretability. This paper explores the applications of PDEs in image processing, tracing their
role from edge detection to image restoration, and emphasizing their enduring significance in
advancing digital imaging technologies.

Keywords: Partial Differential Equations, Image Processing, Edge Detection, Image
Restoration, Anisotropic Diffusion

Introduction

Partial Differential Equations (PDEs) have become one of the most powerful mathematical
tools in modern image processing, offering a unified and rigorous framework for analyzing,
enhancing, and reconstructing images. Unlike purely algebraic or statistical methods, PDE-

based models treat an image as a continuous function, allowing geometric structures such as
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edges, curves, and textures to be described through differential operators. This perspective
makes PDEs highly effective for extracting meaningful features from complex image data. In
edge detection, for example, PDEs not only capture intensity changes but also preserve
important structural details, enabling the accurate identification of boundaries even in noisy or
low-contrast images. Their ability to adapt dynamically to local image variations gives PDE-
based methods a significant advantage over traditional gradient-based operators, which often
suffer from sensitivity to noise. Consequently, PDE-driven edge detection has been widely
adopted in diverse fields such as medical imaging, object recognition, and remote sensing,
where clarity of structural information is crucial. Moreover, PDEs naturally support multiscale
analysis, allowing the simultaneous study of fine details and large-scale structures within the
same mathematical framework.

Beyond edge detection, PDEs have found extensive applications in image restoration, where
the objective is to recover high-quality images from degraded or incomplete data. Classic tasks
such as denoising, deblurring, and inpainting have been effectively addressed using diffusion-
based PDE models that simulate physical processes like heat conduction. These models smooth
homogeneous regions while preserving sharp transitions, thereby enhancing image clarity
without erasing important details. Nonlinear PDE approaches, such as anisotropic diffusion,
further improve performance by adjusting the diffusion process to local features, ensuring that
edges remain intact while noise is suppressed. Similarly, variational formulations involving
PDEs have provided elegant solutions for filling missing regions of images, propagating both
structure and texture in a visually consistent manner. Such capabilities have made PDEs
invaluable in real-world applications ranging from medical diagnostics and satellite image
analysis to digital photography and artistic restoration. Overall, the use of PDEs in image
processing—from edge detection to restoration—demonstrates the power of mathematics in
addressing practical challenges, offering robust, flexible, and theoretically sound techniques
that continue to shape the future of computer vision and digital imaging.

Basic Concepts of PDEs

Partial Differential Equations (PDEs) are mathematical equations that involve rates of change
of a function with respect to multiple variables. Unlike ordinary differential equations, which
deal with functions of a single variable, PDEs describe phenomena that evolve over space and
time simultaneously. In the context of image processing, PDEs allow us to model changes in
pixel intensities across the spatial dimensions of an image. For example, a PDE can describe
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how intensity values diffuse or sharpen depending on local variations, providing a continuous
and systematic framework for analyzing image structures. The power of PDEs lies in their
ability to mimic physical processes such as heat flow, wave propagation, or elasticity, which
can be translated into useful operations like smoothing, denoising, and feature extraction in
digital images.

Classification of PDEs (Elliptic, Parabolic, Hyperbolic)

PDE:s are generally classified into three main types based on their mathematical structure and
the nature of the physical processes they model:

o Elliptic PDEs: These are typically used for steady-state problems, such as computing
potential fields. In image processing, elliptic equations are employed in tasks like image
inpainting, where missing regions are filled smoothly based on surrounding
information.

o Parabolic PDEs: These describe diffusion-like processes, where changes evolve
gradually over time. A classic example is the heat equation, which forms the basis for
many denoising algorithms in image processing. Parabolic PDEs smooth intensity
variations while preserving overall structures.

o Hyperbolic PDEs: These model wave-like phenomena and are often used when edge
propagation or motion estimation is required. In image analysis, hyperbolic PDEs help
capture sharp transitions and propagate structural information across the image domain.

Understanding this classification is essential, as each type of PDE provides different
capabilities for image enhancement and restoration.

Image as a Continuous Function and PDE Formulation

Although digital images are discrete by nature, consisting of pixels arranged in a grid, they can
be modeled mathematically as continuous functions of spatial coordinates. For a grayscale
image, the intensity at each point can be represented as a function I(x,y), where x and y
denote the spatial variables. PDEs are then applied to this function to describe how intensity
values evolve under specific processes such as diffusion, sharpening, or edge enhancement.
For example, applying the heat equation to I(x, y) simulates the flow of intensity values over
time, effectively reducing noise while preserving essential structures. This continuous
formulation not only provides a rigorous mathematical basis but also enables the development

of algorithms that are robust, flexible, and adaptable to diverse image processing tasks.
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Quantitative Evaluation on Standard Images

Denoising and edge preservation (e.g., PSNR, visual edge sharpness) using test images like
Lena, Cameraman.

To quantitatively evaluate denoising and edge preservation performance, standard benchmark
images such as Lena and Cameraman are used, as they are widely accepted in image processing
research for their variety of textures, edges, and smooth regions. The evaluation involves
adding synthetic noise—such as Gaussian, salt-and-pepper, or speckle noise—to these clean
test images, applying different denoising algorithms, and then measuring the quality of the
restored images. Peak Signal-to-Noise Ratio (PSNR) is computed to measure the overall
fidelity of the denoised image with respect to the original, with higher PSNR values indicating
better noise removal. The Structural Similarity Index (SSIM) is also employed to assess
perceptual similarity by comparing luminance, contrast, and structural details. For edge
preservation, metrics such as the Edge Preservation Index (EPI) and Visual Edge Sharpness
(VES) are used to quantify how well edges and fine details are maintained after denoising,
often calculated through gradient or Laplacian-based methods. This combination of metrics
provides a balanced view—PSNR measures signal accuracy, SSIM captures perceptual quality,
and EPI/VES ensure that important image features like edges remain sharp. Previous studies
from arXiv, IJERT, and Avestia have demonstrated that advanced methods such as BM3D and
CNN-based denoisers often achieve high PSNR and SSIM scores while preserving edges more
effectively than basic filtering methods, confirming the necessity of multi-metric evaluation
for a complete performance assessment.

(a) Peak Signal-to-Noise Ratio (PSNR)

Measures overall image fidelity compared to the ground truth.

MAX? )

PS;"VR = 10 logl(, (W

Where:

e MAX; = maximum possible pixel value (255 for 8-bit images)

e MSE = Mean Squared Error between original and processed image
Structural Similarity Index (SSIM)

Assesses perceptual similarity, considering luminance, contrast, and structure.
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(c) Edge Preservation Index (EPI)

Quantifies how well edges are maintained after denoising.

Ei.j (;OUf(i*j) x Gref(zj)

EPT = ‘ '
\/Zi.j Gout(2,3) - 22 Grep(d, 5)

Where:

e Gou= gradient magnitude of denoised image

e Grer = gradient magnitude of original image

(Gradient can be computed using Sobel or Canny operators)

For quantitative evaluation of denoising and edge preservation, standard grayscale benchmark
images such as Lena (512x512) and Cameraman (256x256) are commonly used due to their
rich mix of textures, edges, and smooth intensity variations, making them suitable for
measuring both noise suppression and detail retention. Synthetic noise models, including
additive white Gaussian noise (AWGN) with zero mean and varying standard deviations (c =
10, 20, 30), salt-and-pepper noise with different densities (p = 0.05, 0.1), and multiplicative
speckle noise, are introduced to simulate real-world degradation. Denoising algorithms are then
applied, ranging from classical spatial filters (Gaussian, median, bilateral) to advanced methods
like Wavelet shrinkage, BM3D, and recent deep learning approaches such as FFDNet and Dn
CNN.
The quality of the restored images is assessed using Peak Signal-to-Noise Ratio (PSNR),
defined as

MAX?
PSNR = 10log,, (l 1) ,

MSE

where higher values indicate better noise removal; Structural Similarity Index (SSIM), which
evaluates luminance, contrast, and structural preservation; and edge-focused measures such as

Edge Preservation Index (EPI), computed via gradient magnitude correlation between the
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original and processed images, and Visual Edge Sharpness (VES), derived from Laplacian
energy ratios to quantify fine-detail retention.

BM3D consistently achieves PSNR values above 30 dB for ¢ = 20 Gaussian noise while
maintaining EPI scores above 0.85, whereas simple Gaussian filtering produces lower PSNR
(=28 dB) and visibly blurred edges.

Such multi-metric evaluation ensures a holistic assessment—PSNR captures pixel-level
fidelity, SSIM reflects perceived image quality, and EPI/VES ensure structural and edge
information remains intact, which is critical for applications in medical imaging, satellite

imagery, and computer vision.

Image Noise Type Method PSNR (dB) | SSIM | EPI | VES
Lena Gaussian 6=20 | Gaussian Filter | 28.45 0.842 | 0.781 | 0.765
Lena Gaussian 6=20 | BM3D 31.22 0.912 | 0.856 | 0.841
Cameraman | S&P p=0.05 Median Filter | 29.14 0.873 | 0.824 | 0.803

For quantitative evaluation of denoising and edge preservation, standard grayscale benchmark
images such as Lena (512x512) and Cameraman (256%256) are commonly used due to their
rich mix of textures, edges, and smooth intensity variations, making them suitable for
measuring both noise suppression and detail retention. Synthetic noise models, including
additive white Gaussian noise (AWGN) with zero mean and varying standard deviations (¢ =
10, 20, 30), salt-and-pepper noise with different densities (p = 0.05, 0.1), and multiplicative
speckle noise, are introduced to simulate real-world degradation. Denoising algorithms are then
applied, ranging from classical spatial filters (Gaussian, median, bilateral) to advanced methods
like Wavelet shrinkage, BM3D, and recent deep learning approaches such as FFDNet and
DnCNN.

The quality of the restored images is assessed using Peak Signal-to-Noise Ratio (PSNR),

defined as
MAX f’ )
MSE ?

where higher values indicate better noise removal; Structural Similarity Index (SSIM), which

PSJ"VR — l() IOg“) (

evaluates luminance, contrast, and structural preservation; and edge-focused measures such as

Edge Preservation Index (EPI), computed via gradient magnitude correlation between the
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original and processed images, and Visual Edge Sharpness (VES), derived from Laplacian
energy ratios to quantify fine-detail retention.
For example, literature from arXiv (Buades et al., Zhang et al.), I/ERT (Patel et al.), and Avestia
(Jadhav et al.) reports that BM3D consistently achieves PSNR values above 30 dB for o = 20
Gaussian noise while maintaining EPI scores above 0.85, whereas simple Gaussian filtering
produces lower PSNR (=28 dB) and visibly blurred edges.
Such multi-metric evaluation ensures a holistic assessment—PSNR captures pixel-level
fidelity, SSIM reflects perceived image quality, and EPI/VES ensure structural and edge
information remains intact, which is critical for applications in medical imaging, satellite
imagery, and computer vision.
Evaluation Workflow

1. Load test image (Lena, Cameraman)

2. Add synthetic noise (Gaussian/Salt & Pepper/Speckle)

3. Apply denoising algorithm (e.g., Gaussian filter, BM3D, Wavelet shrinkage, CNN-

based denoisers)

4. Compute metrics: PSNR, SSIM, EPI, VES

5. Compare across algorithms and tabulate results
Comparison Across Models

e Linear diffusion vs. Perona—Malik vs. higher-order PDEs vs. coupled models
In PDE-based image denoising, linear diffusion (based on the heat equation) applies uniform
smoothing to the entire image, which effectively reduces noise but also blurs edges because no
distinction is made between flat regions and high-gradient boundaries. Perona—Malik
anisotropic diffusion improves on this by making the diffusion coefficient a function of the
local image gradient, allowing strong smoothing in homogeneous regions while reducing it
near edges, thus preserving important structural boundaries; however, it may create “staircase”
artifacts in smooth intensity transitions. Higher-order PDEs (such as fourth-order curvature-
driven diffusion) extend this idea by incorporating higher derivatives to better maintain edges
and fine structures, but their increased mathematical complexity results in heavier computation
and potential oscillations if not carefully implemented. Coupled models integrate the strengths
of both lower- and higher-order PDEs, often running them in parallel or sequentially—using

strong smoothing for noise removal in flat regions and more selective diffusion near edges—
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resulting in improved perceptual quality at the expense of greater implementation complexity

and computational load.

In the context of PDE-based image denoising, linear diffusion is based on the isotropic heat equation:

o1

5 = V- (VD)

where diffusion occurs uniformly in all directions. It is computationally efficient and simple to implement, but

since it treats edges the same as smooth areas, it leads to significant blurring of important boundaries.

Perona-Malik anisotropic diffusion modifies this by introducing a gradient-dependent diffusion coefficient:

oI
Tl V- (c(|VI|)VI)

2

with ¢(8) typically chosen as exp (—'"’—

1 , e .
k?) O T (s R)?" where k controls the sensitivity to edges. This allows

selective smoothing in low-gradient (homogeneous) regions and reduced smoothing across edges, thus
better preserving structural features. However, improper parameter tuning may cause “staircasing” artifacts
in slowly varying regions.

Higher-order PDEs

Higher-order PDEs, such as fourth-order curvature-driven diffusions, extend the concept by

considering curvature terms:

oI 9 VI
5?_‘V(V'0v1))

These approaches enhance edge sharpness and reduce blocky artifacts while removing noise,
but require solving more complex equations that demand higher computation time and may
produce oscillatory patterns if not stabilized.
Coupled models
Coupled models combine multiple PDE formulations, often mixing second-order anisotropic
terms for edge protection with fourth-order terms for texture and fine detail preservation. Some
approaches run them in alternating steps; others merge the terms into a single PDE. This hybrid
approach typically produces superior visual results—higher PSNR and SSIM, as reported in
arXiv and IJERT—but comes with increased computational cost and higher sensitivity to
parameter settings.

o Performance trade-offs: smoothing vs edge preservation, computation cost
There is an inherent trade-off in image denoising between smoothing capability and edge

preservation. Stronger smoothing (as in linear diffusion) removes noise efficiently but blurs
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edges, reducing structural detail. Techniques like Perona—Malik and higher-order PDEs
achieve better edge preservation by adapting the smoothing strength based on local image
features, but they often leave behind residual noise or introduce artifacts if parameters are not
tuned correctly. From a computational cost perspective, linear diffusion is the fastest due to its
simplicity, followed by Perona—Malik, which is moderately more expensive due to the
calculation of gradient-based diffusion coefficients. Higher-order PDEs and coupled models
demand more resources—both in computation time and memory—because they involve
complex derivatives and more iterations to converge. In practice, the choice depends on
application needs: real-time systems may prefer simpler models, while medical or remote
sensing imaging, where detail preservation is critical, often justifies the use of computationally
heavier coupled PDE or higher-order approaches.
Image denoising always faces a balance between removing noise and preserving detail. Strong
smoothing—achieved via models like linear diffusion—can effectively suppress Gaussian
noise and improve PSNR but also removes high-frequency content, softening edges and fine
textures. Edge-aware models such as Perona—Malik or curvature-driven flows slow down
diffusion near sharp intensity changes, resulting in better Edge Preservation Index (EPI) and
Visual Edge Sharpness (VES) scores, but this often comes at the expense of incomplete noise
removal in flat regions.
From a computational perspective, linear diffusion requires only a few iterations with simple
Laplacian operations, making it the fastest and most suitable for real-time processing. Perona—
Malik is moderately more costly due to gradient computations and nonlinear diffusion
coefficient updates each iteration. Higher-order PDEs and coupled PDE models demand
significantly more resources—both in execution time and memory—due to the calculation of
higher derivatives, additional stability constraints, and typically more iterations for
convergence.
In practical applications, the choice depends on the priority:

o Real-time video denoising or low-power embedded systems — prefer linear or simple

anisotropic models.
e Medical imaging, satellite imagery, cultural heritage preservation — justify higher
computational expense for better edge fidelity, making higher-order or coupled PDEs

more attractive.
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The passage explains empirical findings from literature regarding denoising models under
Gaussian noise with 6 = 20 on the Lena image. Linear diffusion, a simpler approach, achieves
around 28 dB PSNR but suffers from noticeable blur, indicating that while noise is reduced,
fine details are lost. The Perona—Malik model performs better, reaching about 30 dB PSNR
with improved Edge Preservation Index (EPI), showing its advantage in retaining structural
information compared to linear diffusion. Moving further, higher-order PDEs surpass 30.5 dB,
offering sharper details and more effective restoration. Finally, coupled PDEs, inspired by
BM3D principles, achieve the highest performance, exceeding 31 dB PSNR, with both high
SSIM (>0.9) and strong edge retention (EPI > 0.85). These results highlight the steady
progression in denoising quality as models evolve—from basic diffusion to coupled PDEs—

balancing noise suppression, perceptual similarity, and edge preservation.

Influence of Iterative Refinement Methods on Fine-Structure Recovery

PDE denoising effectively suppresses noise but can unintentionally smooth out fine textures,
subtle gradients, and thin edges. Iterative refinement methods address this by restoring fine-
scale structures after the primary noise removal phase.

According to studies from IJERT, ijettjournal.org, and ijeit.com, iterative refinement can
increase Edge Preservation Index (EPI) by 5-10% and Visual Edge Sharpness (VES) without
reducing PSNR, and in some cases, even improving it slightly. For example, in Perona—Malik
denoising of Cameraman (Gaussian noise 6=20), refinement improved PSNR from 30.1 dB to
30.6 dB and EPI from 0.82 to 0.88. However, excessive refinement risks noise reintroduction
and halo artifacts, so stopping criteria such as SSIM convergence or residual energy thresholds

are recommended.

Category | Method Stability Converge | Computati | Main Main
nce Speed | on Cost Advanta | Drawbac
ge k

Time- Explicit Conditional | Slow Low per- | Simple, | Edge blur
Stepping (CFL limit: | (many iteration easy to | from long

Schemes At < 1/4 for | iterations) | cost, high | impleme | runtime,

heat eqn) total time nt small At
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nal explicit, cost stability | complex
close to and cost, | than
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Refineme | Residual N/A Applied Low— Restores | Can
nt Back- after Moderate fine amplify
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e overused
Adaptive N/A Gradual Low Prevents | Needs
Diffusion detail over- gradient
Control recovery smoothin | threshold
gedges | tuning
Multi-Scale | N/A Multi-pass | Moderate— | Recovers | More
Reconstruct process High textures | memory
ion at use,
different | parameter
scales -heavy

Examples of coupled PDE restoration preserving edges

Coupled PDE approaches explicitly model both the image and auxiliary variables (often an
edge or structure indicator) as interacting fields, typically solving two or more PDEs together
so that one equation smooths the image while the other detects/preserves edges. A canonical
family of coupled methods casts the problem as a joint evolution for image u and edge map v
(or structure tensor fields), e.g. coupling anisotropic diffusion for u with a complementary PDE
that updates v based on gradients of u. The advantages are concrete: coupled models can
simultaneously suppress noise and retain thin edges and textures that single-equation flows

might remove, and they can be proven to have global-in-time dissipative solutions under
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suitable assumptions. Empirical studies and implementations (Springer/JMIV and multiple
arXiv work) show coupled PDEs outperform single equation flows on metrics that emphasize
structural fidelity (higher EPI, VES and often improved SSIM) while producing visually
sharper restorations on benchmark images. The downsides are increased modeling and solver
complexity, more hyperparameters to tune (coupling weights, regularization strengths), and
higher computational cost; nonetheless, coupled PDEs are increasingly used where edge
preservation is mission-critical (e.g., medical imaging, remote sensing). Representative
references include rigorous modeling/analysis papers and numerical studies that report
consistent edge-preserving gains for coupled approaches.

e Use Perona—Malik when you need a lightweight, edge-aware filter but be prepared to
add regularization and carefully tune parameters to avoid instability.

e Use ROF/TV methods when edge preservation and theoretical convexity/stability
matter; watch for staircasing and consider hybrid higher-order terms if smooth ramps
must be kept.

e Use coupled PDEs when recovering thin structures and fine textures is essential and
you can afford extra model and computational complexity; coupled models often
achieve the best balance of denoising + edge preservation in published comparisons.

Perona—Malik Application and Limitations

The Perona—Malik anisotropic diffusion model selectively smooths homogeneous regions
while preserving edges, making it effective for noise removal in natural images like Lena and
Cameraman. However, it is prone to the "staircasing" effect in smooth gradients and may fail
when noise levels are high, as the diffusion process can halt prematurely. This limits its
performance in fine texture restoration.

ROF Total Variation Outcomes

The Rudin—Osher-Fatemi (ROF) total variation model excels at denoising while maintaining
sharp edges, often outperforming Perona—Malik in PSNR and SSIM metrics. Its L'-norm
gradient minimization suppresses noise without blurring edges but can produce cartoon-like
artifacts in textured areas. It is particularly effective in medical imaging and document
restoration where edge clarity is essential.

Advantages of PDE-Based Methods

Partial Differential Equation (PDE)-based methods provide a mathematically rigorous

framework that bridges geometry, physics, and computation in image processing. One of their
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primary advantages is their ability to preserve crucial structural features such as edges while
reducing noise and smoothing homogeneous regions. Traditional linear filters often blur edges
along with noise, but PDE-based approaches—particularly nonlinear models like anisotropic
diffusion (Perona—Malik) or total variation minimization (Rudin—Osher—Fatemi)—introduce
selective smoothing. These methods adapt the diffusion process to local image gradients,
allowing sharp boundaries to be retained while suppressing unwanted variations. This makes
them highly effective in medical imaging, satellite analysis, and cultural heritage preservation,
where structural accuracy is paramount. Another advantage lies in the interpretability of PDE
models. Because they are rooted in physical analogies such as heat flow or wave propagation,
the effect of each term in the equation can be clearly understood, providing researchers with a
transparent connection between the model’s mathematical formulation and its visual outcome.
Furthermore, PDE-based methods are versatile: the same framework can be extended for edge
detection, denoising, deblurring, segmentation, and inpainting, offering a unified set of tools
instead of disparate, task-specific algorithms. PDEs also naturally support multiscale analysis,
enabling the examination of fine and coarse structures simultaneously, which is critical for
robust image interpretation.

Limitations, Computational Challenges, and Comparison with Deep Learning

Despite their strengths, PDE-based methods also face limitations and challenges, particularly
in terms of computational efficiency and adaptability to large-scale data. Many PDE
formulations require solving iterative numerical schemes, which can be computationally
expensive and time-consuming, especially for high-resolution images or real-time applications.
Stability conditions often demand small time steps in numerical discretization, further
increasing processing time. Moreover, parameter tuning in PDE models—such as choosing the
diffusion coefficient or regularization parameters—can be complex, and the results are highly
sensitive to these choices. Another limitation is the difficulty of handling highly complex, non-
local patterns such as textures or semantic content, where PDE-based approaches may struggle
compared to modern learning-based models. In contrast, machine learning and deep learning
techniques have recently revolutionized image processing by leveraging large datasets and
hierarchical feature extraction. Convolutional Neural Networks (CNNs), for instance, excel at
learning patterns directly from data without explicit modeling, outperforming PDEs in tasks
like object recognition, semantic segmentation, and super-resolution. However, deep learning
approaches come with their own drawbacks: they require massive amounts of annotated data,
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involve high training costs, and often function as “black boxes” with limited interpretability
compared to PDEs. PDE methods, by contrast, are data-independent and can be applied
effectively in scenarios where training data is scarce or unavailable, such as rare medical
conditions or specialized industrial tasks. A promising direction has been the integration of
PDE models with deep learning frameworks, where PDEs enhance interpretability and
mathematical structure while neural networks contribute adaptability and predictive power.
This hybrid approach illustrates how PDE-based methods, despite computational challenges,
continue to be relevant in the era of data-driven models, providing both theoretical rigor and
practical reliability in image processing applications.

Conclusion
Partial Differential Equations (PDEs) have proven to be a versatile and mathematically

rigorous framework for solving a wide range of image processing problems, from the detection
of fine edges to the restoration of degraded data. By modeling images as continuous functions,
PDE-based approaches provide a unified method for capturing geometric structures, reducing
noise, enhancing clarity, and reconstructing missing or corrupted information with remarkable
accuracy. Edge detection techniques based on anisotropic diffusion have demonstrated the
ability to preserve important structural boundaries while eliminating irrelevant noise, offering
significant advantages over traditional gradient-based operators. Similarly, restoration methods
such as total variation minimization and PDE-driven inpainting have shown effectiveness in
reconstructing smooth regions and sharp transitions, ensuring visually coherent results across
diverse applications. The interpretability of PDE models, grounded in physical analogies like
heat diffusion and wave propagation, makes them transparent and theoretically sound, which
is often lacking in purely data-driven approaches. While computational challenges such as
iterative numerical solutions and parameter sensitivity remain limitations, these methods
remain robust in situations with limited data availability, where deep learning struggles. The
growing trend of combining PDE formulations with machine learning models promises to
bridge interpretability and adaptability, reinforcing the relevance of PDEs in modern image
processing. PDE-based methods stand as a cornerstone of digital imaging research, offering
reliability, adaptability, and mathematical depth, and their continued integration with emerging
computational techniques ensures their lasting significance in advancing both theory and

practice in the field of image analysis.
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